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.2(,)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 363.8686 481.002 Tm
0 Tc
( )Tj
/F7 1 Tf
6.3552 0 0 6.3552 365.4526 481.002 Tm
.0002 Tc
[(Mailbo)9.2(x)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 387.9539 481.002 Tm
0 Tc
( )Tj
/F7 1 Tf
6.3552 0 0 6.3552 389.5379 481.002 Tm
-.0007 Tc
(6050,)Tj
/F3 1 Tf
9.9626 0 0 9.9626 405.0187 481.002 Tm
0 Tc
( )Tj
/F7 1 Tf
6.3552 0 0 6.3552 406.6028 481.002 Tm
-.0008 Tc
(Langnes)Tj
/F3 1 Tf
9.9626 0 0 9.9626 429.23 481.002 Tm
0 Tc
( )Tj
/F7 1 Tf
6.3552 0 0 6.3552 45.36 472.434 Tm
-.0006 Tc
(N-9037,)Tj
/F3 1 Tf
9.9626 0 0 9.9626 67.8793 472.434 Tm
0 Tc
( )Tj
/F7 1 Tf
6.3552 0 0 6.3552 69.4633 472.434 Tm
-.0003 Tc
[(T)19.2(r)14.3(omsł,)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 91.3525 472.434 Tm
0 Tc
( )Tj
/F7 1 Tf
6.3552 0 0 6.3552 92.9365 472.434 Tm
-.0016 Tc
[(N)12.9(orw)8.5(ay)]TJ
/F1 1 Tf
4.8299 0 0 4.8299 45.36 466.422 Tm
0 Tc
(e)Tj
/F7 1 Tf
6.3552 0 0 6.3552 49.986 463.866 Tm
-.0006 Tc
[(Cent)7.8(er)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 68.131 463.866 Tm
0 Tc
( )Tj
/F7 1 Tf
6.3552 0 0 6.3552 69.7151 463.866 Tm
-.0139 Tc
[(fo)-13.4(r)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 77.4375 463.866 Tm
0 Tc
( )Tj
/F7 1 Tf
6.3552 0 0 6.3552 79.0215 463.866 Tm
-.0002 Tc
[(Theor)14.4(e)6.8(tical)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 109.8212 463.866 Tm
0 Tc
( )Tj
/F7 1 Tf
6.3552 0 0 6.3552 111.4053 463.866 Tm
-.0005 Tc
[(Astr)14.1(oph)14(y)8(sics,)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 147.4973 463.866 Tm
0 Tc
( )Tj
/F7 1 Tf
6.3552 0 0 6.3552 149.0813 463.866 Tm
-.0008 Tc
(Los)Tj
/F3 1 Tf
9.9626 0 0 9.9626 158.0638 463.866 Tm
0 Tc
( )Tj
/F7 1 Tf
6.3552 0 0 6.3552 159.6478 463.866 Tm
-.0003 Tc
(Alamos)Tj
/F3 1 Tf
9.9626 0 0 9.9626 180.097 463.866 Tm
0 Tc
( )Tj
/F7 1 Tf
6.3552 0 0 6.3552 181.681 463.866 Tm
-.0002 Tc
[(N)14.3(a).3(tional)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 205.6763 463.866 Tm
0 Tc
( )Tj
/F7 1 Tf
6.3552 0 0 6.3552 207.2603 463.866 Tm
-.0004 Tc
[(Labor)22.7(a).1(t)13.7(ory)53.4(,)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 238.7441 463.866 Tm
0 Tc
( )Tj
/F7 1 Tf
6.3552 0 0 6.3552 240.3281 463.866 Tm
-.0008 Tc
(Los)Tj
/F3 1 Tf
9.9626 0 0 9.9626 249.3106 463.866 Tm
0 Tc
( )Tj
/F7 1 Tf
6.3552 0 0 6.3552 250.8947 463.866 Tm
-.0002 Tc
(Alamos,)Tj
/F3 1 Tf
9.9626 0 0 9.9626 272.7839 463.866 Tm
0 Tc
( )Tj
/F7 1 Tf
6.3552 0 0 6.3552 274.3679 463.866 Tm
-.0005 Tc
(NM,)Tj
/F3 1 Tf
9.9626 0 0 9.9626 285.9065 463.866 Tm
0 Tc
( )Tj
/F7 1 Tf
6.3552 0 0 6.3552 287.4906 463.866 Tm
-.0007 Tc
(87545,)Tj
/F3 1 Tf
9.9626 0 0 9.9626 306.4816 463.866 Tm
0 Tc
( )Tj
/F7 1 Tf
6.3552 0 0 6.3552 308.0656 463.866 Tm
.0013 Tc
[(US)6.9(A)]TJ
ET
45.36 452.508 466.254 .414 re
f
BT
/F8 1 Tf
8.9664 0 0 8.9664 45.36 434.508 Tm
0 Tc
(a)Tj
/F3 1 Tf
9.9626 0 0 9.9626 50.2922 434.508 Tm
( )Tj
/F8 1 Tf
8.9664 0 0 8.9664 54.2882 434.508 Tm
(r)Tj
/F3 1 Tf
9.9626 0 0 9.9626 59.3284 434.508 Tm
( )Tj
/F8 1 Tf
8.9664 0 0 8.9664 63.3244 434.508 Tm
(t)Tj
/F3 1 Tf
9.9626 0 0 9.9626 67.6266 434.508 Tm
( )Tj
/F8 1 Tf
8.9664 0 0 8.9664 71.6226 434.508 Tm
(i)Tj
/F3 1 Tf
9.9626 0 0 9.9626 74.4487 434.508 Tm
( )Tj
/F8 1 Tf
8.9664 0 0 8.9664 78.4447 434.508 Tm
(c)Tj
/F3 1 Tf
9.9626 0 0 9.9626 83.1789 434.508 Tm
( )Tj
/F8 1 Tf
8.9664 0 0 8.9664 87.1749 434.508 Tm
(l)Tj
/F3 1 Tf
9.9626 0 0 9.9626 91.2611 434.508 Tm
( )Tj
/F8 1 Tf
8.9664 0 0 8.9664 95.2571 434.508 Tm
(e)Tj
/F3 1 Tf
9.9626 0 0 9.9626 99.8293 434.508 Tm
( )Tj
/F8 1 Tf
8.9664 0 0 8.9664 112.6993 434.508 Tm
(i)Tj
/F3 1 Tf
9.9626 0 0 9.9626 115.5254 434.508 Tm
( )Tj
/F8 1 Tf
8.9664 0 0 8.9664 119.5214 434.508 Tm
(n)Tj
/F3 1 Tf
9.9626 0 0 9.9626 125.3716 434.508 Tm
( )Tj
/F8 1 Tf
8.9664 0 0 8.9664 129.3676 434.508 Tm
(f)Tj
/F3 1 Tf
9.9626 0 0 9.9626 133.6338 434.508 Tm
( )Tj
/F8 1 Tf
8.9664 0 0 8.9664 137.6298 434.508 Tm
6.8027 Tc
(oa)Tj
/F3 1 Tf
9.9626 0 0 9.9626 209.0362 434.508 Tm
0 Tc
( )Tj
/F8 1 Tf
8.9664 0 0 8.9664 213.0322 434.508 Tm
(b)Tj
/F3 1 Tf
9.9626 0 0 9.9626 217.8744 434.508 Tm
( )Tj
/F8 1 Tf
8.9664 0 0 8.9664 221.8704 434.508 Tm
(s)Tj
/F3 1 Tf
9.9626 0 0 9.9626 226.0285 434.508 Tm
( )Tj
/F8 1 Tf
8.9664 0 0 8.9664 230.0246 434.508 Tm
(t)Tj
/F3 1 Tf
9.9626 0 0 9.9626 234.3267 434.508 Tm
( )Tj
/F8 1 Tf
8.9664 0 0 8.9664 238.3228 434.508 Tm
(r)Tj
/F3 1 Tf
9.9626 0 0 9.9626 243.3629 434.508 Tm
( )Tj
/F8 1 Tf
8.9664 0 0 8.9664 247.359 434.508 Tm
(a)Tj
/F3 1 Tf
9.9626 0 0 9.9626 252.2911 434.508 Tm
( )Tj
/F8 1 Tf
8.9664 0 0 8.9664 256.2872 434.508 Tm
(c)Tj
/F3 1 Tf
9.9626 0 0 9.9626 261.0213 434.508 Tm
( )Tj
/F8 1 Tf
8.9664 0 0 8.9664 265.0174 434.508 Tm
(t)Tj
ET
45.36 424.086 133.236 .414 re
f
BT
/F7 1 Tf
6.3552 0 0 6.3552 45.36 415.518 Tm
.0001 Tc
(Article)Tj
/F3 1 Tf
9.9626 0 0 9.9626 63.451 415.518 Tm
0 Tc
( )Tj
/F7 1 Tf
6.3552 0 0 6.3552 65.035 415.518 Tm
-.0011 Tc
[(hist)13(ory)38.5(:)]TJ
/F1 1 Tf
-3.0959 -1.3482 TD
-.02 Tc
[(Re)-20.8(c)-19.7(e)-20.8(iv)-4.8(e)-32.2(d)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 71.2274 406.95 Tm
0 Tc
( )Tj
/F1 1 Tf
6.3552 0 0 6.3552 73.6215 406.95 Tm
-.0012 Tc
(12)Tj
/F3 1 Tf
9.9626 0 0 9.9626 80.9659 406.95 Tm
0 Tc
( )Tj
/F1 1 Tf
6.3552 0 0 6.3552 83.3599 406.95 Tm
.0001 Tc
[(Decemb)-10.1(er)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 113.2415 406.95 Tm
0 Tc
( )Tj
/F1 1 Tf
6.3552 0 0 6.3552 115.6356 406.95 Tm
-.0007 Tc
(2018)Tj
-11.0579 -1.3482 TD
-.02 Tc
[(Re)-20.8(c)-19.7(e)-20.8(iv)-4.8(e)-32.2(d)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 71.2274 398.382 Tm
0 Tc
( )Tj
/F1 1 Tf
6.3552 0 0 6.3552 73.6215 398.382 Tm
.0002 Tc
(in)Tj
/F3 1 Tf
9.9626 0 0 9.9626 79.3818 398.382 Tm
0 Tc
( )Tj
/F1 1 Tf
6.3552 0 0 6.3552 81.7758 398.382 Tm
-.0135 Tc
[(re)-8.7(v)-12.5(i)-13.7(s)-12.2(e)-25.7(d)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 102.981 398.382 Tm
0 Tc
( )Tj
/F1 1 Tf
6.3552 0 0 6.3552 105.375 398.382 Tm
-.0025 Tc
[(for)-3.2(m)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 119.5598 398.382 Tm
0 Tc
( )Tj
/F1 1 Tf
6.3552 0 0 6.3552 121.9538 398.382 Tm
-.0012 Tc
(28)Tj
/F3 1 Tf
9.9626 0 0 9.9626 129.2982 398.382 Tm
0 Tc
( )Tj
/F1 1 Tf
6.3552 0 0 6.3552 131.6923 398.382 Tm
.0007 Tc
[(Ma)14.5(y)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 144.311 398.382 Tm
0 Tc
( )Tj
/F1 1 Tf
6.3552 0 0 6.3552 146.705 398.382 Tm
-.0007 Tc
(2019)Tj
-15.9467 -1.3482 TD
.0001 Tc
[(A)17.1(ccep)14.6(t)10.5(e)-12.1(d)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 72.0915 389.814 Tm
0 Tc
( )Tj
/F1 1 Tf
6.3552 0 0 6.3552 74.4855 389.814 Tm
-.0012 Tc
(29)Tj
/F3 1 Tf
9.9626 0 0 9.9626 81.8299 389.814 Tm
0 Tc
( )Tj
/F1 1 Tf
6.3552 0 0 6.3552 84.224 389.814 Tm
.0007 Tc
[(Ma)14.5(y)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 96.8426 389.814 Tm
0 Tc
( )Tj
/F1 1 Tf
6.3552 0 0 6.3552 99.2367 389.814 Tm
-.0007 Tc
(2019)Tj
-8.4775 -1.3482 TD
-.0425 Tc
[(Av)-18.8(a)-42.8(i)-42.7(l)-43.7(a)-42.8(b)-41.3(l)-43.7(e)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 71.9115 381.246 Tm
0 Tc
( )Tj
/F1 1 Tf
6.3552 0 0 6.3552 74.3056 381.246 Tm
.0002 Tc
(online)Tj
/F3 1 Tf
9.9626 0 0 9.9626 92.7746 381.246 Tm
0 Tc
( )Tj
/F1 1 Tf
6.3552 0 0 6.3552 95.1686 381.246 Tm
-.0012 Tc
(24)Tj
/F3 1 Tf
9.9626 0 0 9.9626 102.513 381.246 Tm
0 Tc
( )Tj
/F1 1 Tf
6.3552 0 0 6.3552 104.907 381.246 Tm
-.0005 Tc
[(Jul)12.4(y)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 115.9957 381.246 Tm
0 Tc
( )Tj
/F1 1 Tf
6.3552 0 0 6.3552 118.3897 381.246 Tm
-.0007 Tc
(2019)Tj
ET
45.36 372.678 133.236 .414 re
f
BT
/F7 1 Tf
6.3552 0 0 6.3552 45.36 364.11 Tm
-.0003 Tc
[(K)35(e)3.8(yw)6.9(or)14.3(ds:)]TJ
/F1 1 Tf
T*
.0006 Tc
[(Multiw)26.9(a)25.7(v)15.8(ele)8.3(t)5.4(s)]TJ
T*
.0002 Tc
[(Multir)13.7(esolution)]TJ
T*
.0006 Tc
[(Deri)20.2(v)24.3(a).3(ti)20.2(v)15.8(e)-.2(s)]TJ
T*
-.0232 Tc
[(Nu)-22.7(m)-22.4(e)-24(r)-23.9(i)-23.4(c)-22.9(a)-23.5(l)]TJ
T*
-.0002 Tc
(Discontinuous)Tj
T*
0 Tc
[(Bandlimit)10.4(e)-12.2(d)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 81.236 312.702 Tm
( )Tj
/F1 1 Tf
6.3552 0 0 6.3552 83.63 312.702 Tm
.0004 Tc
[(e)19.4(x).2(ponentials)]TJ
ET
204.102 424.086 307.512 .414 re
f
BT
7.1721 0 0 7.1721 204.102 414.528 Tm
-.0481 Tc
(We)Tj
/F3 1 Tf
9.9626 0 0 9.9626 215.0103 414.528 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 220.7163 414.528 Tm
-.0003 Tc
[(cons)6.5(truct)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 251.7489 414.528 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 257.4549 414.528 Tm
.0003 Tc
[(high-or)13.8(d).5(er)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 293.0236 414.528 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 298.7477 414.528 Tm
.0002 Tc
[(deri)19.1(v)22.7(a)1.2(ti)19.1(v)15.1(e)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 331.4363 414.528 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 337.1243 414.528 Tm
-.0001 Tc
[(oper)15.9(at)14(ors)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 368.571 414.528 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 374.295 414.528 Tm
-.002 Tc
(for)Tj
/F3 1 Tf
9.9626 0 0 9.9626 383.6552 414.528 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 389.3792 414.528 Tm
.0004 Tc
[(smoo)15.3(th)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 414.2737 414.528 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 419.9797 414.528 Tm
(functions)Tj
/F3 1 Tf
9.9626 0 0 9.9626 450.9044 414.528 Tm
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 456.6104 414.528 Tm
-.0138 Tc
[(re)-14.9(p)-13.1(r)2.2(e)-14.9(s)-14.5(e)-14.8(n)-12.7(te)-24.9(d)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 496.1391 414.528 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 501.8632 414.528 Tm
.0007 Tc
(via)Tj
/F3 1 Tf
9.9626 0 0 9.9626 511.6194 414.528 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 204.102 404.952 Tm
(discontinuous)Tj
/F3 1 Tf
9.9626 0 0 9.9626 250.6329 404.952 Tm
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 254.431 404.952 Tm
.0002 Tc
[(multiw)26(a)26.3(v)15.1(ele)9.2(t)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 297.9558 404.952 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 301.7539 404.952 Tm
.0005 Tc
(bases.)Tj
/F3 1 Tf
9.9626 0 0 9.9626 321.5002 404.952 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 325.2983 404.952 Tm
-.001 Tc
(The)Tj
/F3 1 Tf
9.9626 0 0 9.9626 337.4125 404.952 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 341.2106 404.952 Tm
-.0001 Tc
[(nee)-11.2(d)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 357.4469 404.952 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 361.2449 404.952 Tm
-.002 Tc
(for)Tj
/F3 1 Tf
9.9626 0 0 9.9626 370.6051 404.952 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 374.4031 404.952 Tm
-.0003 Tc
[(suc)9.4(h)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 389.6134 404.952 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 393.4114 404.952 Tm
-.0001 Tc
[(oper)15.9(at)14(ors)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 424.8581 404.952 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 428.6561 404.952 Tm
.0004 Tc
(arises)Tj
/F3 1 Tf
9.9626 0 0 9.9626 447.6465 404.952 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 451.4445 404.952 Tm
.0012 Tc
(in)Tj
/F3 1 Tf
9.9626 0 0 9.9626 457.9427 404.952 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 461.7407 404.952 Tm
.0003 Tc
[(or)13.8(der)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 479.6331 404.952 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 483.4311 404.952 Tm
-.0141 Tc
(to)Tj
/F3 1 Tf
9.9626 0 0 9.9626 490.0732 404.952 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 493.8713 404.952 Tm
-.0261 Tc
[(av)-11.2(o)-26.3(i)-27.3(d)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 511.6736 404.952 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 204.102 395.394 Tm
-.0002 Tc
[(artif)6.5(a).8(cts)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 230.9406 395.394 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 235.8546 395.394 Tm
.0001 Tc
(when)Tj
/F3 1 Tf
9.9626 0 0 9.9626 254.4669 395.394 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 259.435 395.394 Tm
 
    .0001 Tc
[(com)6(p).8(uting)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 295.2017 395.394 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 300.1337 395.394 Tm
-.0001 Tc
(functionals)Tj
/F3 1 Tf
9.9626 0 0 9.9626 336.9084 395.394 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 341.8585 395.394 Tm
.0006 Tc
[(in)21.8(v)15.5(o).4(l)13.5(v).5(ing)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 372.3871 395.394 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 377.3371 395.394 Tm
.0002 Tc
[(high-or)13.7(d).4(er)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 412.9058 395.394 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 417.8559 395.394 Tm
.0002 Tc
[(deri)19.1(v)22.7(a)1.2(ti)19.1(v)15.1(e)-.8(s)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 453.7486 395.394 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 458.6626 395.394 Tm
.0002 Tc
(of)Tj
/F3 1 Tf
9.9626 0 0 9.9626 465.1248 395.394 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 470.0568 395.394 Tm
.0001 Tc
(solutions)Tj
/F3 1 Tf
9.9626 0 0 9.9626 500.2254 395.394 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 505.1574 395.394 Tm
.0002 Tc
(of)Tj
/F3 1 Tf
9.9626 0 0 9.9626 511.6196 395.394 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 204.102 385.836 Tm
-.0003 Tc
[(int)11.3(e)-1.4(gr)15.7(al)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 229.5365 385.836 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 234.9546 385.836 Tm
.0003 Tc
[(eq)24.1(uations.)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 268.9212 385.836 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 274.3752 385.836 Tm
.0004 Tc
[(Pr)16.4(e)6.9(v).3(iousl)13.3(y)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 308.5759 385.836 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 314.012 385.836 Tm
.0002 Tc
[(high-or)13.7(d).4(er)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 349.5807 385.836 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 355.0167 385.836 Tm
.0002 Tc
[(deri)19.1(v)22.7(a)1.2(ti)19.1(v)15.1(e)-.9(s)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 390.9094 385.836 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 396.3094 385.836 Tm
-.0011 Tc
(had)Tj
/F3 1 Tf
9.9626 0 0 9.9626 408.6217 385.836 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 414.0757 385.836 Tm
-.0141 Tc
(to)Tj
/F3 1 Tf
9.9626 0 0 9.9626 420.7179 385.836 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 426.1359 385.836 Tm
.0108 Tc
(be)Tj
/F3 1 Tf
9.9626 0 0 9.9626 434.1461 385.836 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 439.5641 385.836 Tm
-.0013 Tc
[(forme)-12.4(d)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 463.6846 385.836 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 469.1026 385.836 Tm
-.0143 Tc
(by)Tj
/F3 1 Tf
9.9626 0 0 9.9626 477.0768 385.836 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 482.5128 385.836 Tm
-.016 Tc
[(re)-17.1(p)-15.3(e)-17.1(a)-15(t)-4.4(e)-27.1(d)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 511.6014 385.836 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 204.102 376.26 Tm
(application)Tj
/F3 1 Tf
9.9626 0 0 9.9626 241.0747 376.26 Tm
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 245.8988 376.26 Tm
.0002 Tc
(of)Tj
/F3 1 Tf
9.9626 0 0 9.9626 252.3609 376.26 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 257.1669 376.26 Tm
(a)Tj
/F3 1 Tf
9.9626 0 0 9.9626 260.875 376.26 Tm
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 265.699 376.26 Tm
-.0188 Tc
[(fi)-19.7(r)-17.9(s)-12(t)-19.8(-)-19.4(d)-18.6(e)-19.8(r)-17.9(iva)-17.8(t)-19.8(ive)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 314.588 376.26 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 319.3581 376.26 Tm
[(oper)16(at)14.1(or)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 347.6006 376.26 Tm
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 352.4427 376.26 Tm
-.0001 Tc
(that,)Tj
/F3 1 Tf
9.9626 0 0 9.9626 367.5269 376.26 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 372.351 376.26 Tm
-.0002 Tc
(while)Tj
/F3 1 Tf
9.9626 0 0 9.9626 390.9273 376.26 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 395.7334 376.26 Tm
[(uniq)23.8(uel)12.9(y)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 424.624 376.26 Tm
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 429.466 376.26 Tm
.0002 Tc
[(define)-10.9(d).4(,)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 456.1245 376.26 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 460.9305 376.26 Tm
-.0011 Tc
(has)Tj
/F3 1 Tf
9.9626 0 0 9.9626 472.1808 376.26 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 477.0228 376.26 Tm
(a)Tj
/F3 1 Tf
9.9626 0 0 9.9626 480.7309 376.26 Tm
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 485.5549 376.26 Tm
.0002 Tc
[(spectr)16.2(al)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 511.6194 376.26 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 204.102 366.702 Tm
-.0007 Tc
(norm)Tj
/F3 1 Tf
9.9626 0 0 9.9626 222.0844 366.702 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 227.4844 366.702 Tm
-.0005 Tc
(that)Tj
/F3 1 Tf
9.9626 0 0 9.9626 240.8947 366.702 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 246.2947 366.702 Tm
.0001 Tc
[(gr)16.1(o)20(w)15.8(s)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 266.1851 366.702 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 271.6031 366.702 Tm
-.0238 Tc
[(qu)-22.6(a)-22.8(d)-23.6(r)-7.8(a)-22.8(t)-24.8(i)-25(c)-24.2(a)-22.8(l)-23.5(l)-10.9(y)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 314.552 366.702 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 319.988 366.702 Tm
.0006 Tc
(with)Tj
/F3 1 Tf
9.9626 0 0 9.9626 335.3243 366.702 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 340.7244 366.702 Tm
-.0004 Tc
[(pol)12.5(y).5(nomial)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 378.1111 366.702 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 383.5291 366.702 Tm
.0003 Tc
[(or)13.8(der)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 401.4215 366.702 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 406.8395 366.702 Tm
-.0006 Tc
(and,)Tj
/F3 1 Tf
9.9626 0 0 9.9626 420.8258 366.702 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 426.2438 366.702 Tm
.0002 Tc
(hence,)Tj
/F3 1 Tf
9.9626 0 0 9.9626 447.5923 366.702 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 452.9923 366.702 Tm
.0004 Tc
[(gr)16.4(eatl)13.3(y)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 475.8528 366.702 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 481.2528 366.702 Tm
-.0005 Tc
(amplifies)Tj
/F3 1 Tf
9.9626 0 0 9.9626 511.6194 366.702 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 204.102 357.144 Tm
-.0003 Tc
(numerical)Tj
/F3 1 Tf
9.9626 0 0 9.9626 237.5467 357.144 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 239.9587 357.144 Tm
.0003 Tc
(noise)Tj
/F3 1 Tf
9.9626 0 0 9.9626 257.5091 357.144 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 259.9211 357.144 Tm
-.0002 Tc
((truncation)Tj
/F3 1 Tf
9.9626 0 0 9.9626 297.2178 357.144 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 299.6299 357.144 Tm
.0009 Tc
[(err)16.9(o).7(r))]TJ
/F3 1 Tf
9.9626 0 0 9.9626 318.8542 357.144 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 321.2663 357.144 Tm
.0012 Tc
(in)Tj
/F3 1 Tf
9.9626 0 0 9.9626 327.7644 357.144 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 330.1764 357.144 Tm
-.0001 Tc
(the)Tj
/F3 1 Tf
9.9626 0 0 9.9626 340.9767 357.144 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 343.3887 357.144 Tm
.0002 Tc
[(multiw)26(a)26.3(v)15.1(ele)9.2(t)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 386.9135 357.144 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 389.3256 357.144 Tm
-.0006 Tc
[(com)5.3(p).1(utation.)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 433.3184 357.144 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 435.7305 357.144 Tm
-.001 Tc
(The)Tj
/F3 1 Tf
9.9626 0 0 9.9626 447.8447 357.144 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 450.2568 357.144 Tm
-.0011 Tc
[(ne)12.9(w)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 464.423 357.144 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 466.8351 357.144 Tm
-.0001 Tc
[(cons)6.7(tructions)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 511.638 357.144 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 204.102 347.568 Tm
.0002 Tc
[(pr)16.2(ocee)-10.9(d)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 230.6165 347.568 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 233.0826 347.568 Tm
.0007 Tc
(via)Tj
/F3 1 Tf
9.9626 0 0 9.9626 242.8388 347.568 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 245.3048 347.568 Tm
[(leas)6.8(t-sq)23.8(uar)16(e)-1(s)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 288.7757 347.568 Tm
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 291.2417 347.568 Tm
.0003 Tc
[(pr)16.3(ojection)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 325.0824 347.568 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 327.5484 347.568 Tm
-.0005 Tc
[(ont)13.6(o)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 342.5967 347.568 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 345.0627 347.568 Tm
.0004 Tc
[(smoo)15.3(th)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 369.9572 347.568 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 372.4232 347.568 Tm
.0004 Tc
(bases)Tj
/F3 1 Tf
9.9626 0 0 9.9626 390.4776 347.568 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 392.9437 347.568 Tm
-.0011 Tc
(and)Tj
/F3 1 Tf
9.9626 0 0 9.9626 405.2559 347.568 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 407.7219 347.568 Tm
-.0001 Tc
[(pr)15.9(o)17.3(v)-.2(ide)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 432.8684 347.568 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 435.3344 347.568 Tm
-.0004 Tc
[(subs)6.4(tantiall)12.5(y)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 477.5093 347.568 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 479.9753 347.568 Tm
.0003 Tc
[(im)6.2(pr)16.3(o)17.7(v)15.3(e)-10.8(d)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 511.6919 347.568 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 204.102 338.01 Tm
-.0003 Tc
(numerical)Tj
/F3 1 Tf
9.9626 0 0 9.9626 237.5467 338.01 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 241.1827 338.01 Tm
.0005 Tc
[(pr)16.5(operties)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 275.2034 338.01 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 278.8394 338.01 Tm
-.001 Tc
(as)Tj
/F3 1 Tf
9.9626 0 0 9.9626 285.7516 338.01 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 289.3876 338.01 Tm
-.0182 Tc
[(we)-19.3(l)-17.9(l)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 303.4819 338.01 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 307.1179 338.01 Tm
-.001 Tc
(as)Tj
/F3 1 Tf
9.9626 0 0 9.9626 314.03 338.01 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 317.6661 338.01 Tm
.0001 Tc
(permitting)Tj
/F3 1 Tf
9.9626 0 0 9.9626 353.2168 338.01 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 356.8528 338.01 Tm
.0005 Tc
[(dir)16.5(e)-.6(ct)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 376.0052 338.01 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 379.6412 338.01 Tm
[(cons)6.8(truction)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 421.24 338.01 Tm
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 424.876 338.01 Tm
.0002 Tc
(of)Tj
/F3 1 Tf
9.9626 0 0 9.9626 431.3382 338.01 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 434.9742 338.01 Tm
.0002 Tc
[(high-or)13.7(d).4(er)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 470.5429 338.01 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 474.179 338.01 Tm
.0003 Tc
[(deri)19.2(v)22.8(a)1.3(ti)19.2(v)15.2(e)-.7(s.)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 511.7637 338.01 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 204.102 328.452 Tm
-.0481 Tc
(We)Tj
/F3 1 Tf
9.9626 0 0 9.9626 215.0103 328.452 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 217.6383 328.452 Tm
.0003 Tc
[(em)6.2(plo)15.1(y)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 242.3348 328.452 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 244.9628 328.452 Tm
.0007 Tc
(either)Tj
/F3 1 Tf
9.9626 0 0 9.9626 264.6372 328.452 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 267.2652 328.452 Tm
.0003 Tc
(b-splines)Tj
/F3 1 Tf
9.9626 0 0 9.9626 297.4878 328.452 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 300.1158 328.452 Tm
.0002 Tc
(or)Tj
/F3 1 Tf
9.9626 0 0 9.9626 307.118 328.452 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 309.746 328.452 Tm
[(bandlimit)11.6(e)-11.1(d)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 350.0308 328.452 Tm
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 352.6588 328.452 Tm
-.0001 Tc
[(e)18.9(x).2(ponentials)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 394.9777 328.452 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 397.6057 328.452 Tm
-.001 Tc
(as)Tj
/F3 1 Tf
9.9626 0 0 9.9626 404.5179 328.452 Tm
0 Tc
( )Tj
/F1 1 Tf
 
    7.1721 0 0 7.1721 407.1459 328.452 Tm
-.0001 Tc
(the)Tj
/F3 1 Tf
9.9626 0 0 9.9626 417.9461 328.452 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 420.5742 328.452 Tm
-.0004 Tc
[(int)11.2(e)-1.5(rme)-11.5(diat)11.2(e)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 463.379 328.452 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 466.007 328.452 Tm
.0004 Tc
[(smoo)15.3(th)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 490.9015 328.452 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 493.5296 328.452 Tm
.0005 Tc
(basis,)Tj
/F3 1 Tf
9.9626 0 0 9.9626 511.6379 328.452 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 204.102 318.876 Tm
.0006 Tc
(with)Tj
/F3 1 Tf
9.9626 0 0 9.9626 219.4383 318.876 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 221.9404 318.876 Tm
-.0001 Tc
(the)Tj
/F3 1 Tf
9.9626 0 0 9.9626 232.7406 318.876 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 235.2426 318.876 Tm
-.0009 Tc
(former)Tj
/F3 1 Tf
9.9626 0 0 9.9626 257.959 318.876 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 260.4611 318.876 Tm
-.0002 Tc
[(maint)3.9(a).8(ining)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 300.5479 318.876 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 303.0499 318.876 Tm
-.0001 Tc
(the)Tj
/F3 1 Tf
9.9626 0 0 9.9626 313.8501 318.876 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 316.3521 318.876 Tm
.0003 Tc
[(concep)16(t)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 342.2727 318.876 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 344.7747 318.876 Tm
.0002 Tc
(of)Tj
/F3 1 Tf
9.9626 0 0 9.9626 351.2368 318.876 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 353.7389 318.876 Tm
-.0001 Tc
[(appr)15.9(o)29.8(x).2(imation)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 402.4298 318.876 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 404.9319 318.876 Tm
.0003 Tc
[(or)13.8(der)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 422.8242 318.876 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 425.3263 318.876 Tm
-.0002 Tc
(while)Tj
/F3 1 Tf
9.9626 0 0 9.9626 443.9026 318.876 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 446.4047 318.876 Tm
-.0001 Tc
(the)Tj
/F3 1 Tf
9.9626 0 0 9.9626 457.2049 318.876 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 459.7069 318.876 Tm
.0005 Tc
[(latt)12.1(er)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 477.5452 318.876 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 480.0473 318.876 Tm
.0001 Tc
[(pr)16.1(eserv)15.1(e)-1(s)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 511.6199 318.876 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 204.102 309.318 Tm
-.0001 Tc
(the)Tj
/F3 1 Tf
9.9626 0 0 9.9626 214.9022 309.318 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 219.0063 309.318 Tm
-.001 Tc
[(pur)15(e)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 234.1986 309.318 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 238.3026 309.318 Tm
-.0003 Tc
[(imaginar)-6.9(y)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 271.8193 309.318 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 275.9233 309.318 Tm
-.0001 Tc
(spectrum)Tj
/F3 1 Tf
9.9626 0 0 9.9626 307.1899 309.318 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 311.2939 309.318 Tm
.0002 Tc
(of)Tj
/F3 1 Tf
9.9626 0 0 9.9626 317.7561 309.318 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 321.8601 309.318 Tm
-.0001 Tc
(the)Tj
/F3 1 Tf
9.9626 0 0 9.9626 332.6603 309.318 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 336.7643 309.318 Tm
-.0188 Tc
[(fi)-19.7(r)-17.9(s)-12(t)-19.8(-)-19.4(d)-18.6(e)-19.8(r)-17.9(iva)-17.8(t)-19.8(ive)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 385.6533 309.318 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 389.7574 309.318 Tm
[(oper)16(at)14.1(or)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 417.9999 309.318 Tm
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 422.1039 309.318 Tm
-.0011 Tc
(and)Tj
/F3 1 Tf
9.9626 0 0 9.9626 434.4162 309.318 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 438.5203 309.318 Tm
.0003 Tc
[(pr)16.3(o)17.7(v).2(ides)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 466.8708 309.318 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 470.9748 309.318 Tm
-.0004 Tc
[(mor)15.6(e)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 488.2912 309.318 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 492.3952 309.318 Tm
.0005 Tc
[(dir)16.5(e)-.5(ct)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 511.5476 309.318 Tm
0 Tc
( )Tj
/F1 1 Tf
7.1721 0 0 7.1721 204.102 299.76 Tm
.0001 Tc
[(contr)16.1(o)-.1(l)]TJ
/F3 1 Tf
9.9626 0 0 9.9626 227.6645 299.76 Tm
0 Tc
( )Tj
/F1 1 Tf
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generalizing the Haar basis [17], multiwavelets kept the “unpleasant” feature that some basis functions are discontinuous. 
Counter-intuitively, as noted in [3], this feature may be considered “a blessing in disguise”. In particular, the fact that the 
scaling functions are supported on non-overlapping intervals allows high-order schemes on bounded intervals and, also, it 
is relatively easy to perform nonlinear operations. From an algorithmic point of view, it is also relatively easy to maintain a 
sparse representation of functions in higher dimensions when compared with required bookkeeping for overlapping bases. 
The observation that discontinuous basis functions allow high-order schemes is not unique to multiresolution bases as the 
same has been observed in, e.g., the discontinuous Galerkin methods. Consequently, since representations in multiwavelet 
bases have many useful properties and result in algorithms well suited for modern computer processors, they became a 
successful practical tool for high performance computing and are used in quantum chemistry [18,20,45,46] and nuclear 
physics [34,14,31,32], and serve as mathematical underpinnings of MADNESS [21].

Yet, the fact that basis functions are allowed to be discontinuous leads to a number of problems. As discussed in [3], 
the only scale-consistent derivative operator available to us is the first derivative. Operators for the second and higher 
derivatives do not exist due to the discontinuous nature of the basis and are applied as a power of the first derivative. 
Naively, if the function has high-order derivatives, such an approach appears reasonable. However, due to the approximate 
nature of representation in 



J. Anderson et al. / Journal of Computational Physics: X 4 (2019) 100033 3

.2(i)-12.806 623.328 Tm
-.0004 Tc
(significant)Tj
/F3 1 Tf
9.9626 0 0nt)Tj
/F3 1 Tf
9.9626 0 0nt
make computations with functionals that incorporate derivatives more expensive compared to those that do not include 
derivatives. This is largely due to the need to compute much more accurately (i.e., oversample) in order to obtain accurate 
derivatives and function tails.

Another issue arising from the norm of the original derivative operator and the need to compute higher derivatives by its 
repeated application is that differential operators and their pseudo-inverse (i.e., convolution with the corresponding Green’s 
function) do not numerically commute within the precision of computation — i.e., the order of operations matters and there 
is a lack of consistency between the numerical and formal calculus. This has emerged as a significant issue for scientists 
making first use of MADNESS, which typically requires reform
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other across all scales. Together, these relations enable the transformation between different scales of the multiresolution 
analysis. Note that at their mid-point the multiwavelets (4) are either discontinuous or have a discontinuous derivative.

The projection of a function f (x) into the order-k scaling function basis at level n is

f n(x) =
2n−1∑
l=0

k−1∑
j=0

sn
jlφ

n
jl(x), (5)

where s are the scaling function coefficients. Assuming f is k-times differentiable, the approximation error is [1]

∥∥ f − f n
∥∥ ≤ 2−nk 2

4kk! sup
x∈[0,1]

∣∣∣∣∣ dk

dxk
f (x)

∣∣∣∣∣ . (6)

Repeated application of the filters H (0) , H (1) , G(0) and G(1) (i.e., the fast wavelet
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The construction preserves the 3-box stencil and scale-invariant operator, and hence can be used as a drop-in replacement 
in existing software (e.g., MADNESS [21], MRChem [25]).

We now explain our construction in a general setting that combines the projection and differentiation operators. Let 
us assume that we have two bases, the original basis u1 (x) , u2 (x) , . . . un (x) and an auxiliary basis v1 (x) , v2 (x) , . . . vm (x), 
where m ≤ n and the latter basis spans a subspace of the former (exactly or approximately within a given accuracy). 
Specifically, we are interested in the case where the basis functions v1, v2, . . . vm all have derivatives of order p whereas 
not all of the functions u1 (x) , u2 (x) , . . . un (x) are p-differentiable. As we already pointed out, our main example is the 
basis where u1 (x) , u2 (x) , . . . un (x) are piece-wise polynomials.

We assume that the function f has the derivative of order p that we want to evaluate but is written in the original 
basis,

f (x) =
n∑

k=1

fkuk (x) + O (ε), (8)

where ε is the accuracy of computation. Note that if the coefficients fk are known exactly then the error would be entirely 
in the wavelet spaces at the current and finer scales, but in practice the coefficients would only be known approximately.

Let us start by defining the n × m matrix A with entries

αil =
∫

ui(x)vl(x)dx, (9)

and, if the original basis is not orthonormal, also the n × n Gram matrix G with entries

Gik =
∫

ui (x) uk (x)dx, i,k = 1, . . .n.

Our first step is to project f on the subspace spanned by functions v1 (x) , v2 (x) , . . . vm (x) reproducing in a least squares 
sense the projection onto the original basis. We seek the coefficients gl so that

n∑
k=1

fkuk (x) ≈

m∑
l=1

gl vl(x). (10)

Denoting f = ( f1, f2, . . . fn), g = (g1, g2, . . . gm) and projecting from the left with ui (x), we seek g such that

A∗Gf = A∗Ag.

Thus, we obtain coefficients of f in the auxiliary basis as

g = (
A∗A

)−1 A∗Gf

and =x28 Tm
00 1 Tf
8.4483 0 0 8.4483 148.086 452.70680.2(

l
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D(p) = G−1B(p)
(
A∗A

)−1 A∗G.

If the original basis u1, u2, . . . un is orthonormal, then G is the identity matrix and we have

D(p) = B(p)
(
A∗A

)−1 A∗. (11)

In our case the first basis consists of the multiwavelet scaling functions 
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where c (bandlimit) is a fixed parameter (see [5,6]). We seek (an approximate) basis for this space. While PSWFs can serve 
this purpose, it is more convenient in our case to use a fixed set of exponentials 

{
eicθkx

}M
k=1 as described in the sequel.

The use of band-limited functions on an interval for integration and interpolation relies on quadratures constructed 
in [44,5,33].1 These Gaussian-type quadratures for bandlimited exponentials differ from the classical Gaussian quadratures 
for polynomials in that they are approximate. Indeed, with a finite number of nodes it is impossible to integrate exactly an 
infinite number of functions but, it turns out, that all functions Ec can be integrated within any finite user-selected accuracy 
ε . The generalized Gaussian quadratures for exponentials to integrate functions in Ec with accuracy ε are summarized as
(see [5,33,6])

Lemma. For c > 0 and any ε > 0, there exist a finite number of nodes −1 < θ1 < θ2 < · · · < θM < 1 and corresponding weights 
wk > 0, such that for any x ∈ [−1, 1],∣∣∣∣∣∣

1∫
−1

eictx dt −
M∑

k=1

wkeicθkx

∣∣∣∣∣∣ < ε, (12)

where the number of nodes, M = c/π + O  (log c), is (nearly) optimal. The nodes and weights maintain the natural symmetry, θk =
−θM−k+1 and wk = wM−k+1 .

We note that the construction of quadratures in [5,33] is more general than formulated here and yields quadratures for 
band-limited exponentials integrated with a weight function.

We now describe interpolation in Ec . Given a finite accuracy ε , we seek to represent functions in Ec by a fixed set of 
exponentials 

{
eicθkx

}M
k=1, where M is as small as possible. It turns out (see [5]) that by finding quadrature nodes {θk} M

k=1 and 
weights {wk} M

k=1 for exponentials with bandlimit 2c and accuracy ε2, 9.4253 460.95 Tm
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e n o t e u n i o n u n i o n  

denote
Fig. 1. Density plot of three blocks of the derivative matrix for k = 16 with a resulting accuracy of approximately 10−7.

[−1, −1/3], [−1/3, 1/3] and [1/3, 1] with accuracy ε , where ε is the accuracy of representing exponentials in Ec via the 
basis functions.

Given a bandlimited (or approximately bandlimited) function in Ec ,

f (x) =
M∑

m=1

gmeicθmx, (13)

we denote the vector of its coefficients as g = {gm}M
m=1. Using matrix A, we obtain the coefficients of this function in the 

Legendre basis on the uniond
denote 
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Table 1
For each of the 
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