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Here we demonstrate that in the presence of an incoherent repumping source, dipole induced cooperative
emission can dominate over spatial inhomogeneities and quantumfluctuations and lead to a resilient steady-
state that exhibits macroscopic quantum phase coherence and intrinsic quantum correlations. An iconic
example of a macroscopic coherent state is a Bose–Einstein condensate, achieved in ultra-cold gases at thermal
equilibrium. In our case, however, the macroscopic order is reached in the steady-state of an interacting and
driven-dissipative system. Moreover, the cooperative behavior can be detected by measuring the spectral purity
of the emitted radiation. We note that in clear distinction to previous studies [8, 15–17, 19, 21], our proposal
does not rely on an external coherent source or externally generated nonlinearities to seed the collective phase. In
our model synchronization emerges as a spontaneously broken symmetry driven by incoherent processes in
naturally coupled dipole arrays. As we show, and somewhat counterintuitively, an incoherent drive is sufficient
to generate phase coherence in these systems.

Specifically, the systems we consider are dense arrays of frozen quantum dipoles modeled as quantized two-
level systems. By dense arrays of frozen dipoles we mean arrays separated by a distance much closer than the
wavelength of the emitted photons and with motional degrees of freedom evolving at a much slower rate than
their internal dynamics (figure 1). These conditions can be readily satisfied in a variety of quantum systems
found in atomic, molecular and optical physics (e.g., Rydberg gases [34–36], alkali vapors [37], alkaline-Earth
atoms [38], and polar molecules [39]), chemistry (e.g., J-aggregates of dye molecules [40–42]), and biology (e.g.,
light-harvesting complexes [43, 44]). In cold vapors, one possible way to freeze the motion and tightly trap the
particles is via an optical lattice potential (figure 1). In this case a sub-optical-wavelength transition must be used



section 7 we discuss experimental implementations of our model, and in section 8 we provide a conclusion and
an outlook.

2. Dipole–dipole interaction and master equation

In this work we consider arrays of quantum dipoles with two accessible levels, which we denote as ∣ ↓ 〉 and ∣↑〉.
The interactions between two dipoles a and b are described by the functions g r( )ab and f r( )ab , which depend on
the dipoles’ separation, rab∣ ∣, and the angle θ between the mean dipole moment and the vector joining the
dipoles [38] (see figure 1(a)):
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3. Mean-field treatment and connection to the KM

To obtain a qualitative picture of how synchronization can happen among the dipoles, wefirst perform a mean-
field treatment and show the close connection between our quantum model and the prototype models for
classical synchronization. The mean-field approach assumes uncorrelated dipoles, i.e., ˆ ˆa aρ ρ= ⊗ , where each
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4. Quantum synchronization for the collective system

In the simplified case where 0aδ = for all dipoles, g r( ) 0ab = for all pairs, and a constant collective decay rate
Nf fr( )ab eff≡ , it is possible to exactly solve equation (1), i.e., the full quantum dynamics, even for many
particles, allowing us to benchmark the validity of the mean-field solution. This is due to the invariance of the



regimefigure 3(a). Moreover we observed that although both  and ZQ exhibit a similar dependence with
pumping rate W, they do not exactly peak at the same value [15].

Although the existence of a nonzero  has been reported to exist in several quantum synchronization
studies [18, 61



An alternative way to characterize domain formation and the fact that it can persist even when there is a
variation in the local detunings, 0aδ ≠ , is to examine pairwise two-time correlation functions,
Z t( ) lim ( ˆ ( )a b

t
a, τ σ τ≡ 〈 +

→∞
+ t t tˆ ( ))( ˆ ( ) ˆ ( ))b a bσ τ σ σ+ + + 〉+ − − , which can be related to the emission spectrum of the

pair of atoms [55]. The oscillations in Z ( )a b, τ encode information about the relative precession rate between
different dipoles. By parameterizing Z ( )a b, τ as Z A( ) cos( )exp( )a b ab, τ ν τ γτ= − we can extract the relative
precession frequency abν between dipoles a and b, where entrainment of dipoles a and b corresponds to 0abν = .
To explore the entrainment of dipole pairs in our system, we assign random detunings distributed uniformly in
[ 2, 2]−Γ Γ to a linear chain of N = 200 dipoles and calculate abν for b 1, 2 ,..., 100= with a = 101
corresponding to the central dipole in the chain. Synchronization regimes similar to those shown infigure 4(a)
are observed for this D = 1 system, which we illustrate infigure4



experiencing only inelastic interactions [ g r( ) 0ab = , dashed lines]. The calculated order parameters agree well
for the two different cases. The similar behavior demonstrates that in spite of the complex geometry of the
dipolar interactions, the capability of the dipole system to synchronize can be characterized to great extent by the
quantity



An intriguing but also more speculative and less controllable realization of our quantum dipole model is the
case offluorescent organic molecules. A possible two-level configuration in those systems consists of a
vibrational level of the ground electronic potential chosen as ∣ ↓ 〉 and the lowest vibronic level of thefirst excited
potential chosen as ∣↑〉. Incoherent pumping can be realized by driving an optical transition to a higher excited
vibronic level φ∣ 〉 in the first excited potential, which decays on picosecond timescales to the state ∣↑〉 via non-
radiative transitions [72]. Typical values of thefluorescence wavelength fλ and lifetime fτ for organic
chromophores under a variety of environmental conditions put these systems in a regime of near optimal
synchronization. For instance, pseudoisocyanine chloride (PIC) and merocyanine derivatives commonly used
in organic light-emitting diodes [73–76



Appendix A. Incoherent pumping

The simplest realization of the repumping mechanism can be explained using a three-level system, as depicted in
figure A1 . Practically, the repumping process could involve a more complicated setup via multiple intermediate
levels, but the three-level model is sufficient to capture the relevant physics. The states 1∣ 〉 and 2∣ 〉 correspond to
the ∣ ↓ 〉 and ∣ ↑ 〉 states of our two-level dipole system, and level 3



incoherent pumping can be realized by driving an optical transition to a higher excited vibronic level 3 φ∣ 〉 = ∣ 〉
in the first excited potential, which decays on a timescale of ps to the state ∣ ↑
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