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The purpose of this paper is to topologically characterize the surfaces of 

constant momentum, angular momentum, and energy occuring in the 
planar 3-body problem. For most values of these parameters the integral 
surfaces are manifolds. We have assumed for simplicity that the three bodies 
have equal masses. Independently, Stephen Smale [l] has recently charac- 
terized the integral surfaces occuring in the planar n-body problem for 
arbitrary masses using different methods. 

1. FORMULATION OF THE PROBLEM 

Three particles of mass m, , m2 , and ma , respectively, move in the plane 
under the influence of their mutual gravitational attraction. Let q1 = (xi , x2), 
q2 = (xs , x4) and q3 = (x5 , x6) denote the positions of the particles and let 
rij(x) -2 j qi - qi / denote the distance between the i-th and the j-th mass. 

Let p, = (yl , y2), pa = (yB , y4), and pa = (y,, , ys) denote the momenta 
of the three particles. Thus, the state of the system is specified by a point 

(x, y) E R6 x R6. Let K = (x E R6 : rij(x) = 0 for some ij>, and let the 
gravitational constant G = 1. Then the equations of motion can be formulated 

as a Hamiltonian system with Hamiltonian H : (R6 - K) x R6 --f Rx 
defined by 

H(x, y) = ; i L / p, I2 - U(x), 
K=I mK 

where 

U(X) = 1 ??tj??Zjrij’(X). 

i>j 

* This work was supported by the National Science Foundation under Grant 
No. GP 15132. 
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The equations of motion arc 

k,y = ;; f/(x, y), j, -~: ;I;- H(x, y). 
x 

The well-known integrals of these equations are the integrals of linear 
momentum, angular momentum and energy and our goal is to describe the 

surfaces of constant momentum, angular momentum and energy. Without 
loss of generality we will assume that the linear momentum is zero 
(&pK = 0) and that the center of mass of the system is located at the 
origin of R2(C;=r m,q, = 0). We will also assume for simplicity of com- 
putation that m, = m2 -_- m3 -= 1, although the techniques we develop 
here also apply to the general case. 

2. SURFACES OF CONSTANT ANGULAR MOMENTUM 

The integral of angular momentum J : R6 x RR” - R1 is defined by 

J(% Y) = hY2 - “eY1) + h3Y.r - %Y3) t @5Y6 - %Y5). 

The surface of constant angular momentum w (and zero linear momentum) 
is denoted by M’(w). Let 

-4, = (l,O, l,O, 1, O), 

A, =: (0, I, 0, I, 0, l), 

A&) = (-x* , x1 , -x4 ) x3, -x6, x5), 

A(x) = co&% , A, , A3(4). 

Define 

M’(W) = {(x, y) E R6 x R6 : 1 x / # Oj A, x == A, . x -= 0, 

and A,(X) . y  == W, A, y  = A, . y  = 01. 

PROPOSITION 2.1. Sa. If u E S3, then p-r(u) =-z ((x, y) : .r: I x I--r = u, 1 x 1 A(u) y  = Q} where 
Q == col(0, 0, w). The matrix i4(~) has rank 3 for each u E S3 and therefore 
(y: ( x I A(u)y =: Q} is a 3-plane in 

R6. Hence p-r(u) is diffeomorphic to 
Rl x R3. The map p is locally trivial and thus M’(w) is a smooth 4-plane 
fibre bundle over Sa. However, every 4-plane bundle over S3 is trivial and 
hence M’(W) is diffeomorphic to S3 x R”. 
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3. SURFACES OF CONSTANT ENERGY 

The total energy of the three bodies is represented by the Hamiltonian 
function H. Define 

Lwyh, w) = ((x, y) E M’(W) : W(x, y) = 12). 

Let v  : AP(h, w) + ??3 be the restriction of p to M”(h, w) and let &13(/z, UJ) = 
npP(h, w)). 

LEMMA 3.1. Let u E $. Then u E M3(h, w) ifand only if U’(u) + 2hw2 3 0. 

Proof. Suppose u = rr(x, y), where (x, y) E 

wherj
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 0.2198  Tc -0.9017  Tw (H(x,y) ) Tj
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0  Tr 15 0  TD 3  Tr -0.0029  Tc 0.3142  Tw (h, ) Tj
0  Tr 13.1252 0  TD 3  Tr -0.5947  Tc 0.1164  Tw (we ) Tj
0  Tr 18.7502 0  TD 3  Tr 0.0439  Tc -0.6819  Tw (have ) Tj
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0  Tr 3 0  TD 3  Tr -1.125  Tc -0.0855  Tw (y ) Tj
0  Tr 9 0  TD 3  Tr -0.0428  Tc -0.4178  Tw (j2 ) Tj
0  Tr 9.75 0  TD 3  Tr -0.444  Tc -0.0165  Tw (= ) Tj
0  Tr 11.25 0  TD 3  Tr -0.171  Tc -0.2895  Tw (2h ) Tj
0  Tr 12.75 0  TD 3  Tr -0.444  Tc -0.0165  Tw (+ ) Tj
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0  Tr 15 0  TD 3  Tr 0.4703  Tc -1.2149  Tw (y) ) Tj
0  Tr 15 0  TD 3  Tr -0.3779  Tc -0.1546  Tw (E ) Tj
0  Tr 10.3126 0  TD 3  Tr -0.2969  Tc -0.2558  Tw (M’(W) ) Tj
0  Tr 39.3755 0.75  TD 3  Tr -0.5947  Tc 0.1164  Tw (we ) Tj
0  Tr 21.5628 0  TD 3  Tr 0.0462  Tc 0.2528  Tw (must ) Tj
0  Tr 31.8754 0  TD 3  Tr 0.0439  Tc -0.6819  Tw (have ) Tj
0  Tr 30.9379 0  TD 3  Tr 0.1132  Tc 1.1066  Tw (A(x)y ) Tj
0  Tr 35.6254 0  TD 3  Tr -0.5684  Tc 0.0835  Tw (= ) Tj
0  Tr 14.0627 0  TD 3  Tr -0.0644  Tc 0.3911  Tw (Q. ) Tj
0  Tr 19.6877 0  TD 3  Tr -0.1874  Tc -0.3927  Tw (We ) Tj
0  Tr 24.3753 0  TD 3  Tr -0.1421  Tc -0.4494  Tw (also ) Tj
0  Tr 26.2503 0  TD 3  Tr 0.0439  Tc -0.6819  Tw (have ) Tj
0  Tr 31.8754 0  TD 3  Tr -0.3164  Tc -0.2314  Tw (1 ) Tj
0  Tr 3.75 0  TD 3  Tr 1.1251  Tc -0.1583  Tw (y ) Tj
0  Tr 12.1876 0  TD 3  Tr -0.2197  Tc -0.3524  Tw (j2 ) Tj
0  Tr 11.2501 0  TD 3  Tr -0.3164  Tc -0.2314  Tw (3 ) Tj
0  Tr -377.8171 -12.75  TD 3  Tr -0.5947  Tc 0.1164  Tw (w2 ) Tj
0  Tr 15.9377 0  TD 3  Tr -0.123  Tc 0.4642  Tw (j ) Tj
0  Tr 5.6251 0  TD 3  Tr 0.1876  Tc 0.0761  Tw (x ) Tj
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0  Tr 15.9377 0  TD 3  Tr -0.3164  Tc -0.2314  Tw (1 ) Tj
0  Tr 4.6876 0  TD 3  Tr 1.1251  Tc -0.1583  Tw (y ) Tj
0  Tr 11.2501 0  TD 3  Tr -0.0029  Tc -0.6233  Tw (I2 ) Tj
0  Tr 12.1876 0  TD 3  Tr -0.3164  Tc -0.2314  Tw (on ) Tj
0  Tr 17.8127 0  TD 3  Tr -0.1074  Tc -0.4927  Tw (the ) Tj
0  Tr 21.5628 0  TD 3  Tr 0.0606  Tc 0.2348  Tw (set ) Tj
0  Tr 20.6253 0  TD 3  Tr 0.5596  Tc -0.389  Tw (Y ) Tj
0  Tr 13.1252 0  TD 3  Tr -0.5684  Tc 0.0835  Tw (= ) Tj
0  Tr 14.0627 0  TD 3  Tr 0.4658  Tc 0.6658  Tw ({v ) Tj
0  Tr 15 0  TD 3  Tr 0.3105  Tc -0.0776  Tw (: ) Tj
0  Tr 6.5626 0  TD 3  Tr -0.1398  Tc -0.4522  Tw (A(x) ) Tj
0  Tr 26.2503 0  TD 3  Tr 1.1251  Tc -0.1583  Tw (v ) Tj
0  Tr 11.2501 0  TD 3  Tr -0.5684  Tc 0.0835  Tw (= ) Tj
0  Tr 14.0627 0  TD 3  Tr -0.2724  Tc -0.2864  Tw (52) ) Tj
0  Tr 18.7502 0  TD 3  Tr 0.0323  Tc 0.2702  Tw (is ) Tj
0  Tr -380.6296 -12  TD 3  Tr -0.5947  Tc 0.1164  Tw (w2 ) Tj
0  Tr 16.8752 0  TD 3  Tr -0.3164  Tc -0.2314  Tw (1 ) Tj
0  Tr 5.6251 0  TD 3  Tr 0.1876  Tc 0.0761  Tw (x ) Tj
0  Tr
 9.3751 0  TD 3  Tr -0.0783  Tc 0.4084  Tw (j-2. ) Tj
0  Tr 20.6253 0  TD 3  Tr -0.1892  Tc -0.3904  Tw (Since ) Tj
0  Tr 32.8129 0  TD 3  Tr -0.4049  Tc -0.1208  Tw (U(X) ) Tj
0  Tr 27.1878 0  TD 3  Tr -0.5684  Tc 0.0835  Tw (= ) Tj
0  Tr 15.9377 0  TD 3  Tr 0.3105  Tc -0.0776  Tw ([ ) Tj
0  Tr 5.6251 0  TD 3  Tr 0.1876  Tc 0.0761  Tw (x ) Tj
0  Tr 9.3751 0  TD 3  Tr -0.2284  Tc -0.3414  Tw (1-r ) Tj
0  Tr 17.8127 0  TD 3  Tr 0.0142  Tc 0.2928  Tw (U(U), ) Tj
0  Tr 30 0  TD 3  Tr -0.5947  Tc 0.1164  Tw (we ) Tj
0  Tr 18.7502 0  TD 3  Tr -0.1797  Tc -0.4024  Tw (obtain ) Tj
0  Tr 35.6254 0  TD 3  Tr -0.1074  Tc -0.4927  Tw (the ) Tj
0  Tr 20.6253 0  TD 3  Tr -0.0515  Tc 1.3125  Tw (inequality ) Tj
0  Tr ET
BT
148.5 332.25  TD
3  Tr /F0 9.75  Tf
-0.171  Tc -0.2895  Tw (2h ) Tj
0  Tr 13.5 0  TD 3  Tr (1 ) Tj
0  Tr 3.75 0  TD 3  Tr -1.125  Tc -0.0855  Tw (x ) Tj
0  Tr 8.25 0  TD 3  Tr -0.3158  Tc -0.1447  Tw (I2 ) Tj
0  Tr 9 0  TD 3  Tr -0.444  Tc -0.0165  Tw (+ ) Tj
0  Tr 10.5 0  TD 3  Tr -0.225  Tc -0.2355  Tw (2U(u) ) Tj
0  Tr 27.75 0  TD 3  Tr -0.171  Tc -0.2895  Tw (1 ) Tj
0  Tr 3.75 0  TD 3  Tr -1.125  Tc -0.0855  Tw (x ) Tj
0  Tr 9 0  TD 3  Tr -0.4605  Tc 0  Tw (I ) Tj
0  Tr 5.25 0  TD 3  Tr -0.2467  Tc -0.2138  Tw (- ) Tj
0  Tr 10.5 0  TD 3  Tr -0.2302  Tc -0.2303  Tw (w2 ) Tj
0  Tr 14.25 0  TD 3  Tr -0.444  Tc -0.0165  Tw (> ) Tj
0  Tr 11.25 0  TD 3  Tr -0.3158  Tc -0.1447  Tw (0. ) Tj
0  Tr ET
BT
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3  Tr /F0 9  Tf
-0.0029  Tc -0.6233  Tw (In ) Tj
0  Tr 15 0  TD 3  Tr -0.2636  Tc -0.2974  Tw (order ) Tj
0  Tr 30.9379 0  TD 3  Tr 0.2491  Tc -0.9383  Tw (for ) Tj
0  Tr 18.7502 0  TD 3  Tr 0.0147  Tc 0.2922  Tw (this ) Tj
0  Tr 22.5003 0  TD 3  Tr -0.0515  Tc 1.3125  Tw (inequality ) Tj
0  Tr 53.4382 0  TD 3  Tr -0.0029  Tc -0.6233  Tw (to ) Tj
0  Tr 14.0627 0  TD 3  Tr -0.2681  Tc -0.2919  Tw (hold ) Tj
0  Tr 25.3128 0  TD 3  Tr -0.5947  Tc 0.1164  Tw (we ) Tj
0  Tr 17.8127 0  TD 3  Tr 0.0462  Tc 0.2528  Tw (must ) Tj
0  Tr 29.0629 0  TD 3  Tr 0.0439  Tc -0.6819  Tw (have ) Tj
0  Tr 28.1253 0  TD 3  Tr -0.1874  Tc -0.3927  Tw (U2(u) ) Tj
0  Tr 30.9379 0  TD 3  Tr -0.5684  Tc 0.0835  Tw (+u) ) Tj
0  Tr 3015X0 311.25  Tm0  Tr 53.4382 0  TD 3  T138  Tw (- ) Tj
0  Tr 100r 

> 0 such 
that 

2hh2 + 2U(u) X - w2 3 0. 

For x = Au, the set of y  satisfying the equations A(x) y  = J2 and j y  ja = 
2h + 2U(x) is nonempty. Thus, if x = Au and if y  satisfies these equations, 
then (x, y) E kW(h, w) and V(X, y) = u. This completes the 
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PROPOSITION 3.4. M3(h, u) is dzfleomorphic to S3 - 3S ;f inequality A 
holds, to S3 - 39 - 2(l’ - ?T) if inequality B holds, and to (T -- 9) v 
(T - &‘I) u (T - S1) if inequality C holds. 

Proof. Suppose inequality B is satisfied. Then M2(h, w) is equal to the 
triangle G minus its corners and minus an open disk containing the point d. 
Thus M3(h, w) = P-l(AW(h, w)) is equal to S3 minus the union of three 
S’s and two solid open tori. It is possible to verifv directly that these circles 
and tori are pairwise linked and unknotted. The other cases are treated 
similarly. 

We are now ready to classify the integral surfaces M6(h, W) for various 
values of h and W. 

PROPOSITION 3.5. W(h, 0) is dzjjfeomorphic to (S3 - 





SOME TOPOLOGY OF THE 3-BODY PROBLEM 377 

y E Y. Since Y is diffeomorphic to two copies of S x 9 it easily is verified 
that r-l(X) is diffeomorphic to two copies of S x 9 x D*. 

PROPOSITION 3.9. If -2hJ satisfies inequality B, then M6(h, w) is 
dijjfeomorphic to the space obtained from (S3 - 3S) x S3 by surgery. The 

surgery consists of removing two copies of T x S3 standardly embedded in 
(9 - 3S) x S3 and replacing them by two copies of aT x D”. 

Proof. Choose E > 0 such that 

r-l(X) = +({u E M3(h, w) : U2(u) + 2hw2 < c}) 

is diffeomorphic to two copies of aT x D4. As in proposition 3.7, one shows 
that &(M3(h, W) - X) is d’ff 1 eomorphic to (S3 - 39 - 2(T - 8T)) x S3, 

and hence, M6(h, w) is diffeomorphic to the space obtained from 
(S3 - 39 - 2(T - aT)) x S3 U 2(8T x D4) by identifying the boundaries 
of these two manifolds with each other. (The boundaries in this case are 
equal to 2(aT x S3).) Thus, M6(h, W) is obtained from (S3 - 3S1) x S3 
by the surgery described in the proposition. 

PROPOSITION 3.10. If -22hw2 satisjies inequality C, then l’W(h, w) is 

d$eomorphic to three copies of aT x R4. 

The proof of this proposition is similar to the proof of Proposition 3.9 and 
is omitted. It is interesting to observe that in this case M3(h, w) has three 
components each diffeomorphic to (T - 9). M2(h, w) also has three 
components which lie in disjoint neighborhoods of the corners of V. Hence, 
the shape of the triangle formed by the three bodies can not vary greatly 
and the same two bodies must remain close to each other relative to the 
third body. The motion can be approximated by considering two 2-body 
problems. 
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